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a b s t r a c t
According to the Classical Nucleation Theory (CNT), the volume and surface thermodynamic properties of
the nuclei of a new (nucleating) phase are considered to be size independent and hence equal to the
respective values of the corresponding macroscopic crystals. However, this assumption leads (if one also
considers in addition σ as temperature independent) to a dramatic underestimation of steady-state
nucleation rates. In this paper, we propose as a resolution of these problems that one should employ a value
of the thermodynamic driving force that is equal to that for formation of macroscopic crystals, but reduced
by a constant value. This approach leads to a considerable decrease in the thermodynamic barrier for
nucleation. This choice of the thermodynamic driving force for the analysis of nucleation rate data employing
the classical equation results in a self-consistent description that allows one not only to obtain the
theoretically expected value of the size of the structural units and of the pre-exponential term in the steadystate nucleation rate equation, but also to obtain a more reliable (reduced) value of the crystal/melt
interfacial energy than that estimated in the framework of currently utilized CNT approximations.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Despite new developments on the theoretical understanding and
description of nucleation phenomena, crystal nucleation data are
most often interpreted using the Classical Nucleation Theory (CNT)
[1,2]. According to the CNT, the volume and surface thermodynamic
properties of the nuclei of the new phase are considered to be size
independent and equal to the respective values of the corresponding
macroscopic crystals. This is why the thermodynamic driving force for
growth of macro-crystals, ΔGvU, and their speciﬁc interfacial energy,
σ, are usually attributed to the (nano-sized) critical nuclei. Under this
(strong) assumption the main parameters of CNT can, in principle, be
independently determined. However, when comparing experimental
results and theoretical predictions, it turns out that the mentioned
assumption about the size independence of the cluster's properties
leads to a dramatic underestimation of steady-state nucleation rates (if
one also considers σ as temperature independent) [3]. The discrepancy between calculated and experimental values of nucleation rates
can be removed if one assumes a slight increase of the speciﬁc
interfacial energy with increasing temperature. Such increase can be
interpreted as a consequence of the change of the critical nucleus size
and hence its curvature with temperature [4]. However, if one tries to
overcome the mentioned problem by only taking the size and
temperature dependence of the interfacial energy into account, the
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obtained values of the speciﬁc interfacial energy are very close to the
experimental value for the respective (macroscopic) liquid/vapor
interfacial energy. But this result is in conﬂict with Stefan's rule, which
connects the speciﬁc interfacial energy with the enthalpy of the
respective phase transformation [5] (in our case, with the melting/
crystallization and evaporation/condensation enthalpies).
The main objective of the present analysis is to show that it is
possible to resolve this serious problem of CNT in application to the
interpretation of experimental data by keeping the speciﬁc interfacial
energy temperature independent but utilizing for the determination
of the parameters of the critical clusters a reduced thermodynamic
driving force for nucleation as compared to that for macrocrystallization, by a constant, temperature independent value. As
will be shown later, this procedure also leads to a reduction of the
speciﬁc interfacial energy, leading to more realistic estimates of its
value. This reduction of the thermodynamic driving force for
nucleation can be qualitatively interpreted as a consequence of the
difference in the bulk properties of critical (or near-critical) nuclei and
the corresponding crystalline macro-phase, This ﬁnding is supported
both by theoretical considerations [6–8] and experimental evidence
[9–11].
The existence of such ﬁnite temperature independent correcting
term can be quantitatively explained as follows. The range of
signiﬁcant (measurable) homogeneous nucleation rates corresponds
to large under-coolings and is usually narrow. By this reason one can
assume that the change of the thermodynamic driving force for the
critical clusters as well as for the respective macroscopic phase is not
high as compared with its mean value in the considered temperature
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range. In this case the constant difference between thermodynamic
driving forces for critical clusters and macroscopic phase can be
indeed expected.
In order to substantiate the above sketched approach, we start
with a brief reconsideration of the classical expressions for the steadystate nucleation and growth rates. Both nucleation and growth rates
are determined, at least partly, by the effective diffusion coefﬁcients.
In the analysis of experimental nucleation rates for some chosen
glasses we use two different ways to estimate the diffusion coefﬁcient
from experimental data: (i) via the crystal growth rate and (ii) via the
time-lag for nucleation. In the ﬁrst case, we assume that the effective
diffusion coefﬁcients determining the rate of aggregation are
independent of cluster sizes and, hence, they must be equal for the
nucleation (nano-sized clusters) and growth (micron-sized clusters)
processes, i.e., we employ the values of the diffusion coefﬁcients
measured for aggregates of macroscopic sizes also for the description
of nucleation. The second way to estimate the diffusion coefﬁcient –
via time-lag data – does not have the above-mentioned limitation and
is commonly employed in studies of nucleation phenomena.
As will be shown, by taking into account the change of the driving
force, we can not only reconcile experimental data and calculated
values for the nucleation rate, but we may also obtain reasonable
estimates for the effective size of the basic building units that
participate in the formation of the crystalline phase.
2. Basic equations and methods of determination of the effective
diffusion coefﬁcients
2.1. Determination via macroscopic growth rates

ð1Þ

where
W =

16π σ 3
3 ΔG2vI

ð2Þ

is the so-called thermodynamic barrier for nucleation or the work of
critical cluster formation. W* is determined by the speciﬁc surface
energy of the interface between critical nucleus and surrounding
liquid, σ, and the thermodynamic driving force for nucleation, ΔGvI.
The latter quantity is the difference of the Gibbs free energy between
the liquid and crystal phase per unit volume of the melt. In Eq. (2), σ
and ΔGvI are considered as size independent. DI is the effective
diffusion coefﬁcient determining the rate of aggregation of new
structural units to the critical cluster via the nucleus/liquid interface,
and doI is the characteristic diameter of the structural units of melt.
The subscripts “I” (for nucleation) and “U” (for growth) in some of the
quantities are added to specify that the respective parameters may
have different values for nucleation and growth kinetics, respectively
[10].
For the most typical Normal growth and Screw Dislocation growth
models, the crystal growth rate, U, can be written in the following
form [1,2]
U = DU f




1
Δμ
;
1− exp −
4doU
kT

Δμ = ΔGvU

d3oU
:
2

ð4Þ

In the general case, the diffusion coefﬁcient governing growth and
the diffusion coefﬁcient governing nucleation are expected to be
different. Such difference could be caused by possible disagreement in
the composition of critical nucleus and the evolving macro-crystals, or
by the variation of the properties of the interface with crystal size. The
problem, whether such variations take place or not and which kind of
variations occurs, must be analyzed separately. If one supposes that
the relationship
DU = DI

ð5Þ

holds, then the combination of Eqs. (1) and (3) leads to the following
equation
rﬃﬃﬃﬃ





I T1=2
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σ
1
W
=
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U 4
kT
k
kT
doI

ð6Þ

or, equivalently, to
(
ln

rﬃﬃﬃﬃ 


)
I T1=2
Δμ
σ
16π 3 1
d
:
−4 lnðdoI Þ−
f 1− exp −
= ln
σ
U 4
kT
k oU
3k
ΔG2vI T

ð7Þ

The steady-state nucleation rate can be written as [1,2]
rﬃﬃﬃﬃﬃﬃ


1
σ
W
Ist = DI 4
exp −
;
kT
doI kT

growth, f is about one. Δμ is the difference in the chemical potentials
per structural unit of liquid and crystalline phases. Δμ is connected
with the thermodynamic driving force for growth of macro-crystals,
ΔGvU, by

ð3Þ

where DU is the effective diffusion coefﬁcient determining the rate of
aggregation of structural units with size doU to the crystal/liquid
interface, and f b 1 is a dimensionless parameter having different
values for different growth models. For the Normal growth mechanism, which we shall assume in the present analysis to govern the

By knowing the left hand side of Eq. (7) as a function of temperature
and the size parameter doU (that governs the growth of macro-crystals),
one can plot the left hand side of Eq. (7) versus 1/ΔG2vIT and estimate doI
and σ from the intersection of the linear ﬁt with the ordinate axis and
the slope, respectively. In such procedure, a constant speciﬁc interfacial
energy has to be assumed. Then the value of doI obtained in such
computation can be used for testing CNT because doI determines to a
large extent the pre-exponential term Io in the equation for steady-state
nucleation rate. This equation can be written in the following simple
form


W + ΔGD
I = Io exp −
;
kT

ð8Þ

where ΔGD is the activation free energy of diffusion, the so called
kinetic barrier for nucleation and
Io ≈

2 kT
:
d3oI h

ð9Þ

The value of Io for nucleation of a solid phase in under-cooled
liquids varies from 1041 to 1043 m−3 s−1 [1]. In more precise
expressions for the nucleation rate the pre-exponential term differs
by not more than one order of magnitude. Thus, our test of CNT
consists in the analysis of the value of the size of the basic structural
units doI estimated via Eq. (7). Such test is equivalent to a comparison
of Io estimated from experimental nucleation data and theoretically
calculated values of Io.
2.2. Determination via time-lag data
Another way to analyze nucleation rates is based on values of the
diffusion coefﬁcient DI estimated from experimental data of nucleation time-lag. This way is basically correct since the same diffusion
coefﬁcient should determine steady-state nucleation rates and timelags for nucleation. Hence, here there is no need to assume the validity
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of Eq. (5). According to [12,13], the time-lag for critical cluster
formation can be written as
τs−s =

80 kTσ
:
3 ΔG2vI d2oI DI

ð10Þ

Combining Eqs. (1) and (10) one obtains
I=

pﬃﬃﬃﬃﬃﬃ 3 = 2


80
W
kT σ
exp
−
3 ΔG2vI d6oI τs−s
kT

ð11Þ

or
Iτs−s ΔG2vI
ln
T1 =2

!
= ln



80 1 = 2 3 = 2 −6
16πσ 3 1
k σ doI −
:
3
3k ΔG2vI T

ð12Þ

Similar to Eq. (7), Eq. (12) allows one to estimate the size
parameter doI together with σ if the thermodynamic driving force for
nucleation is known. The choice of the σ-value in the ﬁrst term of the
right-hand side of Eq. (12), as in the case of Eq. (7), practically does
not affect the result.
3. Method of calculation and applications
3.1. Method of computation
It follows from the above considerations that the main problem for
the application of Eqs. (7) and (12) to the analysis of nucleation
experiments consists in the correct determination of the thermodynamic driving force, which in turn determines the value of the speciﬁc
interfacial energy. Indeed, according to Gibbs's classical theory, the
work of critical cluster formation can be written as
1
2
4πRc σ;
3
2σ
Rc =
ΔGvI

W =

ð13Þ

where Rc is the critical size. Eq. (13), directly results from Eq. (2).
The thermodynamic driving force of nucleation is the difference
between the free energies of an equivalent of the critical size amount
of the liquid and critical-sized nucleus. In the classical approach, it is
assumed that the bulk properties of the nano-sized clusters are equal
to the respective parameters of the macroscopic phase. Consequently,
the problem of determination of the driving force for nucleation and
growth is in such approach actually reduced to the determination of
thermodynamic properties of the macroscopic liquid and crystalline
phases as a function of under-cooling.
Commonly, deviations between theory and experiment are
attempted to be removed by the introduction of a curvature or sizedependence of the speciﬁc interfacial energy, e.g., via an expansion of
the form [14,15]


2
σ ðRc Þ = σ∞ 1 + σ1 = Rc + σ2 = Rc + … ;

ð14Þ

where the coefﬁcients in the expansion may depend on pressure and
temperature, but not on curvature. To a ﬁrst approximation, Eq. (14)
gives a Tolman-like correction. However, as it turns out, in a number
of systems the Tolman correction may be too small [14,15] and the
curvature dependence of the interfacial energy is governed not by the
ﬁrst, but by the second term in the expansion, as was shown e.g. for
regular solutions [16,17]. In such cases, Eqs. (13) and (14) yield
CNT

W = W

+ σ∞

4π
σ
3 2

ð15Þ
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resulting in a nearly constant correction (reduction) to the classical
value of the work of critical cluster formation (where the capillarity
approximation is involved) [18].
Employing the concept of a temperature dependent interfacial
tension, a number of problems arise, however. Possible ways of
resolution of these problems are discussed in detail in Refs. [11,19],
however, they are far from being convincing. By this reason, the
formulation of alternative approaches to reconcile theory and
experiment is highly desirable. One of them, which we are going to
analyze here, consists of the introduction of a size-dependence not
only of the speciﬁc interfacial energy but also of the driving force for
cluster nucleation and growth [6–8,10].
Indeed, it has been frequently discussed whether the parameters
of the critical clusters are similar, in general, to the parameters of the
evolving macroscopic phases or not. Assuming that the critical
clusters have different bulk properties (structure, density and/or
composition) as compared with the newly evolving macroscopic
phases, then one can explain drastic discrepancies between experimental and theoretically expected values of the pre-exponential
factor Io and some other striking examples of failure of the CNT for a
quantitative interpretation of experimental data in two ways: either
as the formation of a small aggregate with properties of a phase which
may exist, at least, in a metastable form also for macroscopic systems
or, in a more general approach, to consider the bulk state of critical
clusters as transient states which may not be realized at all in
macroscopic form. In both cases, the evolution to the new phase will
follow these alternative evolution paths, as a rule, only if the work of
critical cluster formation is smaller as compared with the values
corresponding to the formation of similar aggregates with properties
of the newly evolving macroscopic phase.
The thermodynamic driving force for growth processes, ΔGvU, on
the other hand, is equal to the driving force of formation of a unit
volume of the evolving macroscopic phase. Substituting this value
into the expression for the work of critical cluster formation would
imply that one neglects possible changes of the state parameters of
the critical clusters. As was shown recently [7], such neglect leads, as a
rule, to an overestimation of the work of critical cluster formation. By
this reason, we can state that the account of changes of the cluster
properties results in a decrease of the work of critical cluster
formation as compared with the respective value obtained by classical
theory (involving the capillarity approximation).
Since calorimetric data are only available for the calculation of the
thermodynamic driving force for crystallization of the most stable
phase, ΔGvU, the thermodynamic driving force for other thermodynamically possible phases, and particularly for the nucleating phase, is
not known but must be smaller than ΔGvU. To take into account in the
present analysis the possible deviation of the properties of the
nucleating phase from the most stable phase we suppose that the
following relationship holds between ΔGvI and ΔGvU.
ΔGvI = ΔGvU −ΔG;

ð16Þ

where it is assumed that ΔG has some constant value in the
temperature range where nucleation processes are experimentally
observed. This situation is sketched in Fig. 1. Then, analyzing Eqs. (7)
and (12), we will use ΔG as a ﬁtting parameter and determine it in
such a way that a reasonable value of doI and, hence, the expected
value of Io is obtained.
3.2. Application to Li2O∙2SiO2 glass
In Ref. [20] we have shown that if one employs the thermodynamic
driving force for crystallization of macroscopic lithium disilicate (the
most stable phase), the value of DI (estimated from nucleation timelag data) considerably differs from DU (estimated from macroscopic
crystal growth rates). By analyzing those results we concluded that
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Fig. 1. Hypothetical Gibbs free energy of liquid, metastable or transient (representing
the critical nucleus) and stable crystalline phases versus temperature.

the composition and/or structure of the critical clusters deviate from that
of lithium disilicate crystal and, therefore, the thermodynamic driving
force for critical cluster formation should be smaller than the driving
force for macroscopic crystal growth. This reduction could be estimated
only for the special case when DI = DU holds, i.e. for the case when DI is
not strongly affected by the composition of the critical nucleus or if the
critical nucleus is a polymorphic form of the stable lithium disilicate. For
this special case of lithium disilicate glass, we analyzed nucleation and
growth rates measured in the same temperature interval via Eq. (7)
assuming the Normal growth mechanism (f = 1) and a temperature
independent interfacial energy. One should recall that Eq. (7) was
derived with the condition that Eq. (5) is valid. A plot of the left-hand
side of Eq. (7) versus 1/((ΔGvU−ΔG)2T) was approximated by a linear
function as shown in Fig. 2 (we excluded temperatures below the
nucleation rate maximum at which, as shown in [11,21], elastic stresses
result in a decrease of thermodynamic driving force for nucleation and
hence of the nucleation rate). The intersection of this straight line with
the ordinate allows us to estimate doI, and by its slope, the speciﬁc
interfacial energy, σ. By this procedure we employed in the ﬁrst term on
the right-hand side of Eq. (7) the following estimated
values:
σ = 0.2 J/
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃ
m2 and doU = 5.88 × 10−10 m evaluated as doU = 3 2 VNMA , where VM is

also employed in the application of Eq. (12), when DI was determined
via nucleation time-lag data.
Figs. 3 and 4 show the results of calculations obtained by these two
different ways (via Eqs. (7) and (12)). As it is evident, the values of doI
and σ depend on the value of the correction term ΔG. If we set ΔG = 0,
supposing that the difference of the bulk properties of the clusters and
the respective macroscopic phase is equal to zero, i.e. that ΔGvI = ΔGvU
holds, the values of doI estimated via Eqs. (7) and (12) are equal to
6 × 10−4 Å and 4 × 10−4 Å, respectively (see Table 1). Such sizes of
structural units do not have any physical meaning. They correspond to
a value of Io ≈ 1063m−3s−1, while the theoretically expected value of
Io is about 1041−1043m−3s−1. To resolve this problem, ﬁnite values of
ΔG must be assumed.
According to Figs. 3 and 4 the reduction of ΔGvU by ΔG leads to a
increase of doI and to a decrease of σ. Since realistic values of doI almost
do not differ from that of doU, we employ the latter (see horizontal
dotted line in Fig. 3) to estimate the proper values of ΔG
corresponding to doI = 5.88 Å. It is seen that a signiﬁcant decrease of
ΔGvU (by 1.28 × 108 or by 1.78 × 108 J/m3) leads to an increase of doI
from 4 × 10 −4 Å to 5.88 Å, the latter value corresponds to
Io = 1.4 × 1041 m−3s1. The average value of ΔGvU in the considered
temperature range is about 3.85 × 108 J/m3. Hence, in order to arrive at
a self-consistent description of the crystallization process, the
thermodynamic driving force for the nucleating phase must be
signiﬁcantly lower than that of the stable macroscopic phase. This
result qualitatively corroborates the conclusions previously derived in
Refs. [11,20,22] based on the analysis of other independent experiments, where the reduction of the thermodynamic driving force for
nucleation was performed via the introduction of a coefﬁcient smaller
than one.
The reduction of the thermodynamic driving force by ΔG,
corresponding to doI = 5.88 Å, leads to a decrease of the speciﬁc
interfacial energy (see Fig. 4) from about 0.20 J/m2 (ΔG = 0) to 0.12
and 0.10 J/m2 estimated via Eqs. (7) and (12), respectively. One
should recall that these values of interfacial energy refer to criticalsized nuclei. Therefore for comparison with the surface energy of
planar liquid/vapor interfaces one has to recalculate their value, e.g.
via Tolman's equation. The value 0.20 J/m2 recalculated in such a way
is lower than the experimental value of the speciﬁc interfacial energy
of a planar liquid/vapor interface only by a factor of 0.8 and seems to
strongly overestimate its real magnitude (see more details in Ref.

molar volume, NA is Avogadro's number. A similar procedure with σ was

Fig. 2. Plot of ln Ist T 1 = 2 ½1− expð−Δμ = kT Þ = 4U versus 1 = ðΔGvU −ΔGÞ2 T for lithium
disilicate glass, where ΔG = 1.3·108 J/m3.

Fig. 3. Size parameter for nucleation doI as a function of the difference between
thermodynamic driving force for formation of the stable crystalline phase (lithium
disilicate) and that of the critical crystal. The dotted horizontal line corresponds to
doI = 5.88 × 10−10 m. The plots on the left and right hands correspond to analyses using
the growth rate (given by Eq. (7)) and time-lag for nucleation (given by Eq. (12)),
respectively.
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Fig. 4. Speciﬁc interfacial energy as a function of the difference between thermodynamic driving force for formation of the stable crystalline phase (lithium disilicate) and
that of the critical nucleus. The horizontal dotted lines show the values of σ
corresponding to the values of ΔG using doI = 5.88 × 10−10 m (see Fig. 3). 1– calculated
by Eq. (7); 2 – calculated by Eq. (12).

[22]). Thus a decrease of the speciﬁc interfacial energy by a factor of
about 2 due to the reduction of the thermodynamic driving force is
reasonable.
A combination of the reduction of the thermodynamic driving
force by ΔG with the corresponding reduction of the critical nucleus/
liquid interfacial energy results in a strong decrease of the
thermodynamic barrier for nucleation as compared with that
obtained by the classical theory employing the assumption that the
properties of the newly evolving phase do not depend on its size.
These results are illustrated on Fig. 5. It should be noted that the
difference between the corrected thermodynamic barrier, W*, and the
classical, W CNT
, corresponding to ΔG = 0 practically does not depend
*
on temperature. That is, we arrived at a result that could be obtained
when only the speciﬁc interface energy is changed in a way indicated
by Eq. (14).

As shown in Refs. [9,23], the formation of crystals of stoichiometric
composition Na2O∙2CaO∙3SiO2 (N1C2S3) in a glass of the same
composition occurs via nucleation of a solid solution, which is
enriched in sodium, with a composition close to Na2O·CaO·2SiO2
(N1C1S2). But this shifted composition remains more or less constant
during the initial stage of the phase transformation to which crystal

Na2O2CaO3SiO2
Ist and U; doI=doU
0
1.075E8
Ist and τ; doI = doU
0
1.37E8

growth measurements commonly refer. This experimental fact
implies that the growth rate refers to crystals with a similar
composition as the critical crystals and those both nucleating and
growing crystals differ from those of the stable phase. Hence, in this
case, it can be assumed that the application of Eq. (7) is more founded
than in the case of lithium disilicate glass. Taking into account these
features of N1C2S3 glass crystallization, we can rewrite for this system
Eq. (16) as
ΔGvI = ΔGvU = ΔGv −ΔG;

ð17Þ

where ΔGv is the thermodynamic driving force estimated via melting
enthalpy and difference in the speciﬁc heats of N1C2S3 crystals and the
liquid of the same composition (in the case of lithium disilicate glass,
ΔGvU ≡ ΔGv holds). Also we can expect that
doU = doI ≡do

Δμ = ðΔGv −ΔGÞ
(
ln

ð18Þ

doI1010, m

σ, J/m2

6.09483E−4
5.88

0.198
0.122

4.02031E−4
5.88

0.208
0.105

2.5841E−14
7.35

0.162
0.064

3.08882E−13
7.35

0.190
0.050

d3o
2



)
rﬃﬃﬃﬃ
I T1=2
Δμ
σ
= ln
−3 ln ðdo Þ
f 1− exp −
U 4
kT
k

−

Table 1
Some parameters employed in the computations shown in Figs. 3 and 6.

Li2O2SiO2
Ist and U; doU=5.88, doI
0
1.3E8
Ist and τ; doI
0
1.78E8

Fig. 5. Reduced thermodynamic barrier for nucleation, (W*/kT), versus temperature
estimated at ΔGvI = ΔGvI (ΔG = 0) (1, 3) and ΔGvI = ΔGvI −ΔG, (ΔG corresponds to
do = 5.88 × 10−10 m) (2,4). Curves 1, 2 and 3, 4 are obtained employing σ estimated
from an analysis of Eqs. (7) and (12), respectively.

is fulﬁlled. Thus, for the case considered Eqs. (4) and (7) can be
rewritten as

3.3. Application to Na2O∙2CaO∙3SiO2 glass

ΔG, J/m3

2189

ð19Þ

ð20Þ

16π 3
1
σ
3k
ðΔGv −ΔGÞ2 T

Eq. (12) remains valid in the case of Na2O·2CaO·3SiO2 glass since
it does not include the parameters referring to the crystal growth
stage.
Figs. 6 and 7 show the results of computations of the parameters do
and σ, respectively, versus ΔG. As in the case of lithium disilicate glass,
the values of do obtained with ΔG = 0 (i.e. with ΔGvI = ΔGvU = ΔGv)
are extremely small, equal to 1 × 10−10 Å and 3 × 10−13 Å, employing Eqs. (20) and (12) for their determination, respectively. The
horizontal dotted line in Fig. 6 marks the value do = 7.35 Å
corresponding to N1C1S2, i.e. to the nucleating phase and to the crystals
for which the crystal growth measurements were performed. Intersections with this dotted line correspond to the values of ΔG required to
obtain do = 7.35 Å and a reasonable value of Io = 5 × 1041 m−3 s−1.
These values of ΔG (1.1× 108 and 1.4 × 108 J/m3) are comparable to ΔGv
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Fig. 6. Size parameter for nucleation, doI, as a function of the difference between
thermodynamic driving force for formation of the stable crystalline phase
Na20·2CaO·3SiO2 and that of the critical crystal being a solid solution. The dotted
horizontal line corresponds to doI = 7.35× 10−10 m. The plots on the left and right hand
correspond to results of analyses employing the growth rate (Eq. (20) and time-lag for
nucleation (Eq. (12), respectively.

whose average value in the considered temperature range is about
2 × 108 J/m3. The reduction of the thermodynamic driving force by ΔG
also leads to a decrease of speciﬁc interfacial energy (see Fig. 7) and to a
strong decrease of the thermodynamic barrier for nucleation. Fig. 8
shows the values of the thermodynamic barrier versus temperature
estimated for ΔG = 0 (classical approach) and for ΔG equal to 1.1 × 108
and 1.4 × 108 J/m3, respectively, which correspond to do = 7.35 Å
(Io = 5 × 1041 m-3 s-1).
4. Discussion
The analysis of the nucleation-growth kinetics performed for two
model glasses of stoichiometric compositions, Li2O·2SiO2 and
Na2O·2CaO·3SiO2, but that undergo a quite different course of
phase transformation, yields quantitatively similar results. The
analysis of the results shows that the assignment to the critical
nuclei of a strongly reduced value of the thermodynamic driving
force (as compared with the value governing growth of stable

Fig. 7. Speciﬁc interfacial energy as a function of the difference between the
thermodynamic driving force for formation of the stable crystalline phase (Na2O∙2CaO∙3SiO2) and that of the critical nucleus. The horizontal dotted lines show
the values of σ corresponding to the values of ΔG using doI = 7.35×10−10 m (see Fig. 6).
1– calculated by Eq. (20); 2 – calculated by Eq. (12).

Fig. 8. Reduced thermodynamic barrier for nucleation, (W*/kT), versus temperature
estimated at ΔG vI = ΔG vU= ΔG V (ΔG = 0) (1, 3) and ΔG vI = ΔG vU = ΔG V -ΔG,
(ΔG corresponds to do = 7.35 × 10−10 m) (2,4). Curves 1, 2 and 3, 4 are obtained
employing σ estimated from the analysis of Eqs. (20) and (12), respectively.

macroscopic crystals used in CNT) by a constant value, leads to the
theoretically expected value of the pre-exponential term in
equation for the steady-state nucleation rate. This pre-exponential
value together with the reduced thermodynamic barrier for
nucleation – due to the simultaneous decrease of the thermodynamic driving force and speciﬁc surface energy – allows one to
quantitatively describe the nucleation rate curve. Two independent
approaches to estimate the diffusion coefﬁcient were employed in
the present analysis leading to qualitatively similar results.
Proceeding in such way, we obtain a self-consistent picture of the
nucleation-growth process and the set of parameters, governing
them, i.e. the thermodynamic driving force for critical nucleus
formation and the surface energy. The results correspond to the
theoretically expected value of Io and experimental values of steadystate nucleation rates. Moreover, this procedure results in a reduction
of speciﬁc interface energy making its value more reliable, while the
consideration only of its size-dependence does not resolve this
problem.
Despite that the present analysis was performed only for two
silicate glasses, it seems that the reduction of the thermodynamic
driving force for nucleation could resolve the discrepancy between
the theoretically expected and experimental nucleation rates which
arises in the analysis of nucleation data for many other glasses. The
conclusions about size-dependent volume and surface properties of
the critical nuclei agree with the generalized Gibbs approach to the
description not only of nucleation but also of growth and dissolution
processes taking into account changes of the bulk and surface state
parameters of clusters as a function of supersaturation and size
[10,24,25].
Finally, it should be noted that in the present analysis the way used
for the reduction of the thermodynamic driving force is of vital
importance. The correction of the thermodynamic driving force
simply by multiplying it by some coefﬁcient K b 1 – as it was
performed in Refs. [20,22] – does not result into a consistent
description (compare the solid and dotted curves in Fig. 9), while
the decrease of ΔGvU by a constant value (dashed line) causes a strong
reduction of the point of intersection with the ordinate and, hence,
increases the parameter do. It should be noted that the use of the latter
way to reduce the thermodynamic driving force in methods proposed
in [20,22] to describe the experimental nucleation and growth data
does not change the main results of above papers.
Thus it is likely that the reduction of the thermodynamic driving
force by a temperature independent value (ΔGvU −ΔG) is more
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describing the critical clusters and, hence, gives an indirect evidence
for the existence of a difference between the properties of the critical
nuclei and the evolving macro-phase.

Acknowledgements
Financial support by Brazilian agencies Fapesp # 2007/08179-9,
2008/00475-0, and # 2008/00475-0 is fully appreciated by V.M. Fokin,
and E.D. Zanotto; while J.W.P. Schmelzer acknowledges the ﬁnancial
support by the Deutsche Forschungsgemeinschaft (DFG, Germany).

References

Fig. 9. Plots ln (Istτs − sΔG2vI / T1/2) versus 1/ΔG2vIT for lithium disilicate glass at different sets
of thermodynamic driving force for nucleation. 1 – ΔGvI =ΔGvU; 2 – ΔGvI =ΔGvU−1.4×108 J/
m3; 3 – ΔGvI = ΔGvU0.63. The reduction of thermodynamic driving force for curve 2 is
close to that for curve 3. The lines are linear ﬁts.

appropriate than the reduction by some coefﬁcient K b 1 (KΔGvU), at
least, in the relative narrow temperature interval where measurable
nucleation rates are found in experiment.
5. Conclusions
In the analysis of nucleation rate data utilizing the classical
equations (CNT), we propose that one should employ a value of the
thermodynamic driving force that is equal to that for formation of
macroscopic crystals, but reduced by a constant value, ΔG. This new
approach (using a reduced thermodynamic driving force) leads to a
considerable decrease in the thermodynamic barrier for nucleation. In
addition, a proper choice of ΔG results in a quantitatively selfconsistent description that allows one not only to obtain the
theoretically expected value of the size of the structural units and of
the pre-exponential term in the steady-state nucleation rate equation,
but also to obtain a more reliable (reduced) value of the crystal/melt
interfacial energy than that estimated in the framework of current
CNT approximations. This procedure allows one to arrive at a selfconsistent qualitatively correct description not only of the steadystate nucleation rate curve but also of a variety of other parameters

[1] J.W. Christian, The Theory of Transformation in Metals and Alloys, Part 1,
Pergamon, Oxford, 1981.
[2] I. Gutzow, J. Schmelzer, The Vitreous State: Thermodynamics, Structure, Rheology
and Crystallization, Springer, Berlin, 1995.
[3] E.D. Zanotto, V.M. Fokin, Philos. Trans. R. Soc. Lond. A 361 (2002) 591.
[4] V.M. Fokin, E.D. Zanotto, J. Non-Cryst. Solids 265 (2003) 105.
[5] J. Stefan, Ann. Phys. 29 (1886) 655.
[6] J.W.P. Schmelzer, J. Schmelzer Jr., I. Gutzow, J. Chem. Phys. 112 (2000) 3820.
[7] J.W.P. Schmelzer, Gr.Sh. Boltachev, V.G. Baidakov, J. Chem. Phys. 124 (2006)
194503.
[8] J.W.P. Schmelzer (Ed.), Nucleation Theory and Application, Wiley-VCH, BerlinWeinheim, 2005.
[9] V.M. Fokin, O.V. Potapov, E.D. Zanotto, F.M. Spiandorello, V.L. Ugolkov, B.Z.
Pevzner, J. Non-Cryst. Solids 331 (2003) 240.
[10] J.W.P. Schmelzer, A.R. Gokhman, V.M. Fokin, J. Colloid Interface Sci. 272 (2004)
109.
[11] V.M. Fokin, E.D. Zanotto, J.W.P. Schmelzer, O.V. Potapov, J. Non-Cryst. Solids 351
(2005) 1491.
[12] V.V. Slezov, J.W.P. Schmelzer, G. Röpke, V.B. Priezzhev (Eds.), Nucleation Theory
and Applications, Joint Institute Nuclear Research Publishing Department, Dubna,
1999, p. 6.
[13] V.V. Slezov, J.W.P. Schmelzer, Phys. Rev. E 65 (2002) 031506.
[14] V.G. Baidakov, Explosive Boiling of Cryogenic Liquids, Wiley-VCH, BerlinWeinheim, 2006.
[15] V.G. Baidakov, G.Sh. Boltachev, Phys. Rev. E 59 (1999) 469.
[16] V.G. Baidakov, G.Sh. Boltachev, J.W.P. Schmelzer, J. Colloid Interface Sci. 231
(2000) 312.
[17] M.P.A. Fisher, M. Wortis, Phys. Rev. 29 (1984) 6252.
[18] R. McGraw, A. Laaksonen, Phys. Rev. Lett. 76 (1996) 2754.
[19] V.M. Fokin, E.D. Zanotto, J. Non-Cryst. Solids 265 (2000) 105.
[20] V.M. Fokin, J.W.P. Schmelzer, M.L.F. Nascimento, E.D. Zanotto, J. Chem. Phys. 126
(2007) 234507.
[21] J.W.P. Schmelzer, O.V. Potapov, V.M. Fokin, R. Müller, S. Reinsch, J. Non-Cryst.
Solids 333 (2004) 150.
[22] V.M. Fokin, E.D. Zanotto, J.W.P. Schmelzer, J. Non-Cryst. Solids 278 (2000) 24.
[23] V.M. Fokin, E.D. Zanotto, N.S. Yuritsin, J.W. Schmelzer, J. Non-Cryst. Solids 352
(2006) 2681.
[24] J.W.P. Schmelzer, A.S. Abyzov, J. Möller, J. Chem. Phys. 121 (2004) 6900.
[25] A.S. Abyzov, J.W.P. Schmelzer, J. Chem. Phys. 127 (2007) 114504.

